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Abstract There are uncertainties in factors such as infla-

tion. Historical data and variable values are ambiguous.

They lead to ambiguity in the assessment of outstanding

claims reserves. The payments per claim model can only

perform point estimation. But the fuzzy linear regression is

based on fuzzy theory and can directly deal with uncer-

tainty in data. Therefore, this paper proposes a payments

per claim model based on fuzzy linear regression. The

linear regression method and fuzzy least square method are

used to estimate the parameters of the fuzzy regression

equation. And the estimated results are introduced into the

payments per claim model. Then, the predicted value of

each accident reserve is obtained. This result is compared

with that of the traditional payments per claim model. And

we find that the payments per claim model of estimating

the fuzzy linear regression parameters based on the linear

programming method is more effective. The model gives

the width of the compensation amount for each accident

year. In addition, this model solves the problem that the

traditional payments per claim model cannot measure the

dynamic changes in reserves.

Keywords Outstanding claims reserve � Payments per

claim model � Fuzzy linear regression � Linear
programming � Least square method

1 Introduction

The extraction of accurate reserves can guarantee the

insurance company’s ability [1] to assume future liability

or payment obligations. It also can protect the rights of

policyholders and beneficiaries effectively [2]. The esti-

mates of reserves are subject to many exogenous variables.

Therefore, there exists uncertainties. In the deterministic

method of assessing reserves, in general, the payments per

claim model is superior to other methods, because it

applies the report claims to average the claims. But it can

only make point estimates and cannot measure the uncer-

tainties of the reserves. However, fuzzy regression is based

on fuzzy uncertainty. And it can directly process spatial

information and measure uncertainty in data. So this paper

introduces the fuzzy linear regression method into the

payments per claim model to improve the estimation

accuracy and help the company to provide more accurate

reserves.

The fuzzy regression concept has been widely used in

various fields. Liu et al. proposed a fuzzy regression model

based on extreme learning machine, designed the training

algorithm and analyzed the computational complexity. The

simulation results show that the fuzzy system can effec-

tively approximate the fuzzy input and output system [3].

Zuo et al. proposed the original fuzzy regression transfer

learning method based on fuzzy rule. The results show that

the proposed method has better performance than the

existing model in solving the regression problem [4]. Baser

et al. used the method of fuzzy regression function and

support vector machine to estimate the annual average

horizontal global solar radiation level [5]. Ren and Guo

proposed the estimation method of the least squares order

of fuzzy regression coefficients. They proved that this

method is simpler. And the method avoids the problem that
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the ambiguity of the estimated value of the output variable

becomes larger with the increase in the observed data [6].

Guo established an emergency material demand forecast-

ing model based on multivariate fuzzy linear regression. It

was found that the accuracy of emergency material demand

forecasting can be improved by using symmetrical trian-

gular fuzzy numbers to represent fuzzy attributes [7].

Xiang et al. used fuzzy linear regression model to evaluate

the level of flood disaster events. They verified the feasi-

bility of the parameter estimation method based on the

probability mean-standard deviation distance fuzzy multi-

variate regression model [8]. Gong et al. proposed a fuzzy

linear regression method based on preference least squares

method in decision-making based on the continuous order

weighted average (COWA) operator expectation distance

measure. And they estimated model parameters and ana-

lyzed error in this way. By comparison, it is shown that the

fitting effect of this method is better and feasible [9].

The payments per claim model is a more common

model for determining the certainty of reserves. Its random

model [10, 11] has been studied. Li et al. introduced out-

liers in the case of indemnity and proposed robust pay-

ments per claim model that can correct the selection of

progress factors and settlement rate data. This method can

effectively identify and adjust outliers, and can get more

smooth final claim amount estimate [12]. Li and Meng

studied its effects on the Poisson–Gamma and Tweedie

models by analyzing the negative correlation between the

frequency of claims and the claims. They empirically show

that the Poisson–Gamma model is slightly more robust

[13]. Yan and Zhang introduced the mathematical pro-

gramming method in the payments per claim model,

introduced the weighting factor and established the corre-

sponding model. The results show that the method can

reduce the influence of outliers on the progress factor and

the settlement rate [14].

In practice, the assessment of outstanding claims

reserves will be affected by factors such as inflation [15].

But these factors are uncertain. And historical data col-

lection and statistics are generally not comprehensive and

accurate due to the constraints of real conditions [16].

Therefore, the evaluation results are generally ambiguous.

There is also a large amount of uncertainty. The uncer-

tainty makes the future value of related variables often

undetermined. The payments per claim model is a deter-

ministic model. It can only make point estimation and

cannot measure the uncertainty. So the error is relatively

large if the payments per claim model is used to estimate

reserves. But fuzzy linear regression is based on fuzzy

theory [17] and can directly deal with uncertainty in data.

Therefore, this paper introduces fuzzy linear regression in

the payments per claim model and proposes a payments per

claim model based on fuzzy linear regression. The model

increases the accuracy of reserve forecasting. This paper

uses fuzzy least square method and linear programming

method to estimate the fuzzy linear regression parameters.

Then, we compare the reserve estimation results with the

reserve evaluation results obtained by the traditional pay-

ments per claim model. And it is found that the reserve

estimation results obtained by the fuzzy linear regression

method is close to the reserve prediction value obtained by

the traditional payments per claim model. Its effect is better

than that of the payments per claim model based on fuzzy

least square method. It also verifies the feasibility of the

random method. The payments per claim model based on

the linear programming method also gives the width cor-

responding to the total amount of compensation in the

current year for each accident year. And it measures the

random dynamic changes of reserve uncertainty.

This paper is organized as follows. Sect. 2 introduces

the traditional payments per claim model. In Sect. 3, the

principle of fuzzy linear regression is introduced. Sect. 4

proposes the payments per claim model based on fuzzy

linear regression. An empirical analysis is given in Sect. 5.

The conclusions are given in Sect. 6.

2 The Traditional Payments Per Claim Model

In an unstable economic situation, for example, when the

inflation rate is high and fluctuate violently, if only the

chain ladder method is used, the accurate and effective

reserves cannot be obtained [18]. However, the payments

per claim model can better solve this problem. So this

article is based on the payments per claim model.

According to the number of paid claims and the number of

reported claims, the payments per claim model can be

divided into two models. One is the reported payments per

claim model based on reported claims data and the number

of reported claims. The other is the closed payments per

claim model based on paid claims data and paid claims.

The closed payments per claim model involved in this

paper is introduced as follows.

2.1 The Payments Per Claim Finalized Model

The following traffic triangle data are known to be used for

the reserve estimate using the Payments Per Claim Final-

ized (PPCF) model. Ni;j is the run-off triangle that accu-

mulated the number of reported cases, Di;j is the run-off

triangle that accumulated the number of closed cases, and

Pi;j is the run-off triangle that described the incremental

closed claims.

To obtain the original data, first use the chain ladder

method to predict the lower triangular portion of the run-
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off triangle that is called the cumulative number of

reported cases. Second, the number of closed cases is

calculated. The final number of closed cases is equal to the

difference between the cumulative number of reported

cases and the number of outstanding cases. And then, the

settlement rate can be calculated based on the cumulative

number of closed cases and the cumulative number of

reported cases.

Vi;j ¼
Di;j

Ni;j
ð1Þ

Next the average of the settlement rate is selected to predict

the lower triangular portion of the run-off triangle of the

cumulative number of closed cases. Then, the triangles of

the indemnity flow of the closed cases in each accident year

are found. And the chain ladder method is used to predict

the lower triangular part. Finally, the future outstanding

claims reserve is predicted by the closed claims. The final

outstanding claims are the sum of the data in the lower

triangle of the run-off triangle for the reserve forecast.

3 Fuzzy Linear Regression

Fuzzy regression is based on the possibility. It can get the

interval estimate while performing the point estimation,

and deal with the uncertainty in the data. Fuzzy regression

uses fuzzy functions to represent coefficients. It treats the

deviation between the observed value and the estimated

value as the ambiguity of the system itself. It is assumed

that the value of the estimated value has a range, i.e., this

estimate value can take any value in the range. The

effective width is called width. Fuzzy regression is divided

into fuzzy linear regression and fuzzy nonlinear regression.

The goal of fuzzy linear regression is to estimate the fuzzy

parameters of the regression model.

Fuzzy variables yi are assumed to be functions about

fuzzy independent variables x1; x2; . . .; xn. f : Rn ! E,

yi ¼ f ðxi1; xi2; . . .; xinÞ, where i is the number of the

observation and n is the number of independent variables.

Then the fuzzy linear regression can be expressed as

yi ¼ b0 þ b1xi1 þ b2xi2 þ � � � þ bnxin þ li ð2Þ

Fuzzy nonlinear regression is a parameter for estimating

nonlinear models. The specific formula is shown in formula

(3).

yi ¼ b0e
b1xi1þb2xi2þ���þbnxin þ li ð3Þ

The fuzzy nonlinear regression model can be transformed

into fuzzy linear regression by using the logarithm method

based on formula (4).

ln yi ¼ lnðb0Þ þ b1xi1 þ b2xi2 þ � � � þ bnxin þ ln li ð4Þ

The above parameters b0; b1; b2; . . .; bn are all fuzzy

numbers.

3.1 Fuzzy Numbers

Fuzzy numbers are the basis for fuzzy data analysis. The

set of real numbers is called R. The fuzzy set eA on the real

number field is called the fuzzy number. And eA has a

membership function, l : R ! ½0; 1�. According to the

above definition, the symmetrical triangular fuzzy number

is recorded as eA ¼ ðc;xÞL, where c is the center point and
x represents the width. It conforms to the following

operation rules.

ðc1;x1ÞL þ ðc2;x2ÞL ¼ ðc1 þ c2;x1 þ x2ÞL ð5Þ

kðc;xÞL ¼ ðkc; kj jxÞL ð6Þ

According to the defined triangular fuzzy number and the

operation of symmetrical fuzzy number, the fuzzy linear

regression model can be expressed as

eY xp
� �

¼ fA0 þfA1Xp1 þ � � � þfAnXpn ¼ ðcðxpÞ;xðxpÞÞL
ð7Þ

where

cðxpÞ ¼ c0 þ c1xp1 þ � � � þ cnxpn

xðxpÞ ¼ x0 þ x1 xp1
�

�

�

�þ � � � þ xn xpn
�

�

�

�

3.2 Parameter Estimation Method of Fuzzy Linear

Regression Model

There are two main methods for estimating fuzzy regres-

sion parameters in fuzzy linear regression models. One is

linear programming, and the other is fuzzy least square.

The principles are described below.

3.2.1 Principle of Linear Programming

The linear programming method proposed by Tanaka [19]

is based on the fuzzy set theory proposed by Zadeh [20].

The regression problem of fuzzy data is studied. The

method of fuzzy parameters in fuzzy regression is obtained

by linear programming problem. It is believed that the

regression coefficient in fuzzy regression is ambiguous and

can be represented by the number of intervals with mem-

bership grade. And the goal of this linear programming is

to minimize the ambiguity of the system.

For example, historical statistical data groups are
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ðx1;1; x1;2; . . .; x1;n; y1ÞT

ðx2;1; x2;2; . . .; x2;n; y2ÞT

� � �
ðxm;1; xm;2; . . .; xm;n; ymÞT

where m represents the number of observation data sets, n

represents the number of independent variables, xi;jði ¼
1; 2; . . .;mÞ represent historical observation data of the jth

independent variable, and yi represent the historical

observation data of the dependent variable. Then the linear

programming problem of the fuzzy regression coefficient

of the above fuzzy regression model can be expressed as

min mx0 þ
X

n

j¼1

X

m

i¼1

xjxij

 !

The constraints are

yi � c0 þ
X

n

j¼1

cjxij

 !

þ ð1� hÞ x0 þ
X

n

j¼1

xj xij
�

�

�

�

 !

yi � c0 þ
X

n

j¼1

cjxij

 !

� ð1� hÞ x0 þ
X

n

j¼1

xj xij
�

�

�

�

 !

xj � 0 i ¼ 1; 2; . . .;m j ¼ 0; 1; 2; . . .; n
� �

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

ð8Þ

If h ¼ 0:5; cjðj ¼ 1; 2; . . .; nÞ are the coefficients that can be
obtained by the conventional multiple linear regression

models. The linear programming problem of the above

formula is solved. And cj, xjðj ¼ 1; 2; . . .; nÞ are found.

And then eA ¼ c;xð ÞL is calculated. eA ¼ c;xð ÞL is a fuzzy

regression coefficient of the established fuzzy regression

model.

3.2.2 Principle of Fuzzy Least Square Method Based

on Euclidean Distance

The concept of fuzzy least square method was proposed in

1988. And it is similar to the traditional least square

method. The first step is to define the distance between two

fuzzy numbers [21]. Then, the regression coefficient

problem is transformed into a problem that minimizes the

sum of squared deviations [22]. According to the definition

of distance, the current least square method can be divided

into least square methods based on three different dis-

tances. The first one is the Euclidean distance. The second

one is Y � K distance. And the third one is Dk distance.

The literature [23] studied these three least square methods

and error terms. It can be seen that the least square esti-

mates of the regression coefficients obtained by the three

methods are the same. But the error term of the least square

method based on the Euclidean distance is smaller than the

other two methods. In view of this, the least square method

based on Euclidean distance is used to estimate the fuzzy

regression coefficients in the fuzzy regression model.

We assume that the fuzzy number ~A ¼ ðam; al; arÞL and

~B ¼ ðbm; bl; brÞL. Then, the Euclidean distance between

two fuzzy numbers is defined as

D2
Eð~A; ~BÞ ¼ ðam � bmÞ2xm þ ðal � blÞ2xl þ ðar � brÞ2xr

ð9Þ

where xm [ 0, xl [ 0, xr [ 0, and they are arbitrary

weights.

For fuzzy regression models

~YðxiÞ ¼ ~A0 þ ~A1Xi1 þ � � � þ ~ApXip; i ¼ 1; 2; . . .; n ð10Þ

where Xip are the determined real numbers, ~YðxiÞ and

~Amðm ¼ 1; 2; . . .; pÞ are triangular fuzzy numbers. For the

convenience of calculation, we let ~YðxiÞ and ~Am be sym-

metrical triangular fuzzy numbers with the same mem-

bership function. Then, the formula (10) can be expressed

as

ðci; siÞ ¼ ða0; r0Þ þ ða1; r1Þxi1 þ � � � þ ðap; rpÞxip ð11Þ

The sum of squared errors can be expressed as

D2
E ¼

X

n

½ðci � ða0 þ a1xi1 þ � � � þ apxipÞÞ2

þ ðsi � ðr0 þ r1xi1 þ � � � þ rpxipÞÞ2�
ð12Þ

where a ¼ ða0; a1; . . .; apÞ0, r ¼ ðr0; r1; . . .; rpÞ0,
c ¼ ðc0; c1; . . .; cnÞ0, s ¼ ðs0; s1; . . .; snÞ0,

X ¼

1 x11 � � � x1p

..

. ..
. . .

. ..
.

1 xn1 � � � xnp

8

>

>

<

>

>

:

9

>

>

=

>

>

;

ð13Þ

Then, the sum of squared errors is expressed as

D2
E ¼ ðXa� cÞ0ðXa� cÞ þ ðXr � sÞ0ðXr � sÞ. The partial

derivatives of the sum of the squared errors are found. And

these partial derivatives are the partial derivatives with

respect to the vectors a ¼ ða0; a1; � � � ; apÞ0 and

r ¼ ðr0; r1; � � � ; rpÞ0. The partial derivatives are set equal to
0. Then, the fuzzy regression coefficients are gotten.

â ¼ ðX0XÞ�1
X0c

r̂ ¼ ðX0XÞ�1
X0s

(

4 Payments Per Claim Model Based on Fuzzy
Linear Regression

The fuzzy linear regression model is combined with the

payments per claim model. And we propose the payments

per claim model based on fuzzy linear regression. The
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principles and calculation steps of the two models are

introduced below. One model is the payments per claim

model based on the linear programming method. The other

model is the payments per claim model based on the least

square method.

4.1 Estimating Fuzzy Regression Parameters Using

Linear Programming

The fuzzy regression model can be used to find the out-

standing claims reserve based on the average claims data.

The steps are as follows.

(1) Calculate the number of paid claims based on the

accumulated paid amount and the cumulative paid

indemnities.

Si;j ¼
Zi;j

Ni

; i ¼ 1; 2; . . .; n ð14Þ

where Zi;j is the total amount of claim for the year i as at

development year j, Ni is the number of cases in which the

accident year is i, and Si;j is the average amount of a claim

for the year i as at development year j.

(2) Take the logarithms of Si;j, kiþj,and c. And then a

fuzzy linear regression model for ln Si;j and regression

coefficients ln ĉj, ln k̂iþj is established. The model can be

expressed as

ln Si;j ¼ ln k̂iþj þ ln ĉj þ ei;j; iþ j� n ð15Þ

where n represents the number of independent variables,

ki;j can be interpreted as exogenous variables such as

inflation, and cj is interpreted as the final number of claims

in the development year j.

The model as a matrix is expressed as

Y ¼ Xbþ e ð16Þ

where Y ¼ ðln S0;0; . . .; ln S0;n; ln S1;0; . . .; ln S1;n�1; . . .;

ln Sn;0ÞT, and Y is a vector containing ðnþ 1Þðnþ 2Þ=2½ �
components. b ¼ ðln c0; ln c1; . . .; ln cn; ln k0; . . .; ln knÞT,
and b is composed of 2nþ 2 unknown parameters.

e ¼ ðe0;0; . . .; e0;n; e1;0; . . .; e1;n�1; . . .; en;0ÞT, and e is the

corresponding error vector.

X ¼
Iðnþ1;nþ1Þ � � � � � � Iðnþ1;nþ1Þ

Iðn;nÞ 0ðn;1Þ 0ðn;1Þ Iðn;nÞ

..

. ..
. ..

. ..
.

Iðn�iþ1;n�iþ1Þ 0ðn�iþ1;iÞ 0ðn�iþ1;iÞ Iðn�iþ1;n�iþ1Þ

..

. ..
. ..

. ..
.

Ið1;1Þ 0ð1;nÞ 0ð1;nÞ Ið1;1Þ

2

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

5

ð17Þ

Matrix X is the matrix of order ½ðnþ 1Þðnþ 2Þ=2� � ð2nþ
2Þ matrix, where Iði;jÞ is the identity matrix of order i � j and
0ði;jÞ is the zero matrix of order i � j. Then, the fuzzy

regression parameters can be gotten based on optimal

solution obtained by the linear programming method.

(3) Blur the regression coefficient. We need to assume

that the error is normal [24] and has an independent dis-

tribution [25], and then we can write the fuzzy range of the

estimated coefficient by the obtained error range.

(4) Estimate the average number of indemnities in the

lower triangular part of the logarithmic run-off triangle.

ln êSi;j ¼ ln Ŝi;j; cln Ŝi;j

� �

¼ ln êcj þ ln êkiþj

¼ ln ĉj; cln ĉj

� �

þ ln k̂i;j; cln k̂iþj

� �

ð18Þ

(5) According to the lower triangle obtained in step (4), the

lower triangular part of the run-off triangle of the case is

found. If the weighting function of the fuzzy number is

used, the future claim for each accident year can be eval-

uated as a clear real number. The following is used to

calculate the average amount of compensation.

Ŝi;j ¼ eln Ŝi;j
e
cln Ŝi;j þ e

�cln Ŝi;j � 2

c2
ln Ŝi;j

 !

ð19Þ

(6) Calculate the accumulated outstanding claims reserve

for each progress year based on the predicted number of

claims.

Ẑi;j ¼ Ŝi;jNi ð20Þ

(7) Finally, the final compensation reserve is obtained as

R̂ ¼
X

n

j¼n�iþ1

Ẑi;j; i ¼ 1; 2; . . .; n ð21Þ

4.2 Estimating Fuzzy Regression Parameters by Least

Squares Method

R software is used to solve the regression coefficient point

estimate b of the regression model and substitute the fuzzy

1954 International Journal of Fuzzy Systems, Vol. 21, No. 6, September 2019
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regression coefficient into the fuzzy regression linear

model. Then, the weight function of the fuzzy number is

used to obtain the predicted value of the average amount of

compensation for each accident year in the current year.

And a 95% confidence interval for the fuzzy regression

coefficient is constructed.

4.2.1 Solving Confidence Intervals of Fuzzy Regression

Coefficients

The significance level a ¼ 0:05. The definition of the

membership function of the fuzzy regression parameter can

be determined by the confidence interval. Since the fuzzy

regression parameter is a fuzzy number, we need to con-

struct a confidence interval for the fuzzy function. First, we

must assume that the error is subject to a normal distri-

bution. Then, both
ln ĉj�ln cj

r̂ln ĉj
and

ln k̂iþj�ln kiþj

r̂
ln k̂iþj

obey the tðn� 2Þ

distribution, so the ð1� aÞ100% confidence intervals for

the regression parameters ln cj and ln kiþj are shown in

formula (22) and formula (23).

P ln ĉj � ta=2ðn� 2Þr̂ln ĉj � ln ĉj þ ta=2ðn� 2Þr̂ln ĉj
� �

¼ 1� a

ð22Þ

P ln k̂iþj � ta=2ðn� 2Þr̂
ln k̂iþj

�

� ln k̂iþj þ ta=2ðn� 2Þr̂
ln k̂iþj

�

¼ 1� a
ð23Þ

where 1� a is the confidence level, t is the value of the

statistic, r̂ln ĉi is the standard deviation of ln cj, r̂ln k̂iþj
is the

standard deviation of ln k̂iþj, and ta=2ðn� 2Þ is the value of
the student statistic.

Through the above two formulas, we can establish the

triangular fuzzy number parameter ln cj and the parameter

ln kiþj. The estimated confidence intervals for parameters

ln cj and ln kiþj allow us to reflect the standard deviation

contained in the data set to the fuzzy prediction of the

reserve. And the fuzzy regression parameter is a symmet-

rical triangular fuzzy number, which can be expressed as

ln êcj ¼ ln ĉj; cln ĉj

� �

and ln êki;j ¼ ln k̂i;j; cln k̂iþj

� �

. Where

ln k̂iþj and ln ĉj are the centers of the fuzzy regression

coefficients, and cln ĉj and c
ln k̂iþj

are the spreads of the error

range. In view of this, the range of the extended parameter

of the fuzzy regression parameter is determined as

cln ĉj ¼ ta=2ðn� 2Þ � r̂ln ĉj ð24Þ

c
ln k̂iþj

¼ ta=2ðn� 2Þ � r̂
ln k̂iþj

ð25Þ

4.2.2 Fuzzy Time Trend of External Influence

In order to predict the cost of an unknown reserve claim,

we need to predict the value of ln êki;j; ðiþ j ¼ nþ
1; . . .; 2nÞ. Therefore, we adjust the time trend of external

influences. We can use the linear function of the period and

then estimate it with mixed fuzzy least squares regression

ln êki;j; ðiþ j ¼ nþ 1; . . .; 2nÞ. So the fuzzy regression

model can be expressed as

ln êki;j ¼ eA þ eB iþ jð Þ; iþ j� n ð26Þ

where eA ¼ a; cað Þ, eB ¼ b; cbð Þ.
Therefore, each predicted value can be expressed as a

symmetrical triangular fuzzy number.

ln êki;j ¼ ln k̂i;j; cln k̂iþj

� �

¼ a; cað Þ þ b; cbð Þ iþ jð Þ;

iþ j� n
ð27Þ

eA ¼ a; cað Þ and eB ¼ b; cbð Þ are calculated based on the

following two formulas.

a nþ 1ð Þ þ b
P

iþ jð Þ ¼
P

ln k̂iþj

a
P

ðiþ jÞ þ b
P

ðiþ jÞ2 ¼
P

ðiþ jÞ ln k̂iþj

(

ð28Þ

ca nþ 1ð Þ þ cb
P

iþ jð Þ ¼
P

c
ln k̂iþj

ca
P

ðiþ jÞ þ cb
P

ðiþ jÞ2 ¼
P

ðiþ jÞc
ln k̂iþj

(

ð29Þ

The remaining steps are the same as the linear program-

ming method for solving the fuzzy regression parameters,

as shown in formulas (18)–(21).

5 Empirical Analysis

The following is an empirical analysis of the payments per

claim finalized model based on fuzzy linear regression

through a set of classic data. The raw data are from ‘‘Non-

Life Insurance Actuarial’’ [26].

The cumulative run-off triangle Nij of the number of

closed cases is shown in Table 1.

Table 1 Cumulative closed case flow table

Year of accident Development progress

0 1 2 3 4

2004 275 375 426 466 479

2005 300 408 460 499

2006 326 440 500

2007 340 464

2008 350
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The run-off triangle of the settlement triangle Pi;j of the

indemnity flow is shown in Table 2.

The run-off triangle of the settled traffic run-off triangle

is shown in Table 3.

5.1 Introducing the Fuzzy Average Regression

Method to Estimate the Outstanding Claims

Reserve

R software is used to calculate the logarithm of the pay-

ments per claims, and the logarithm is shown in Table 4.

A fuzzy regression model is established by using the

logarithm of the claimed indemnity.

Y ¼ Xbþ e

Y ¼ ln S0;0; . . .; ln S0;4; ln S1;0; . . .; ln S1;3; . . .; ln S4;0
� �T

¼ y1; . . .; y15ð ÞT

i.e.,

Y ¼ 1:293; 1:15879; 1:7342; 1:8618; 1:9411;ð

1:3173; 1:6446; 1:7915; 1:9189; 1:3638; 1:7060;

1:8672; 1:4769; 1:820444; 1:5980ÞT

5.1.1 Estimating Fuzzy Regression Parameters of Fuzzy

Regression Models Using Linear Programming

According to the introduction of the linear programming

method, the constant term value is zero. And the parameter

solution of the established fuzzy regression model can be

transformed into the following formula.

min
X

10

j¼1

X

15

i¼1

xjxij

Its linear constraints are

yi �
X

10

j¼1

cjxij þ 0:5 x0 þ
X

10

j¼1

xjxij

 !

yi �
X

10

j¼1

cjxij � 0:5 x0 þ
X

10

j¼1

xjxij

 !

xj � 0 i ¼ 1; 2; . . .; 15 j ¼ 0; 1; 2; . . .; 10
� �

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

R software is used to solve the linear programming. The

optimal solution is as follows when the system ambiguity

min
P10

j¼1

P15
i¼1 xjxij takes the minimum value of 1.4668.

x ¼ x1; . . .;x10ð ÞT

¼ 0:0066; 0:0020; 0:0448; 0:0574;ð

0; 0; 0:0504; 0:0498; 0; 0ÞT

c ¼ c1; . . .; c10ð ÞT

¼ 1:2963; 1:5231; 1:5912; 1:6492; 1:6428;ð

0; 0:0495; 0:0957; 0:1839; 0:2984ÞT

The resulting fuzzy regression coefficient eA ¼ ðc;xÞL is

Table 2 Closed indemnity flow statement

Year of accident Development progress

0 1 2 3 4

2004 1003 1855 2413 2999 3337

2005 1120 2113 2776 3400

2006 1275 2423 3235

2007 1489 2865

2008 1730

Table 3 Closed case indemnity run-off triangle

Year of accident Development progress

0 1 2 3 4

2004 3.6473 4.9467 5.6643 6.4356 6.9666

2005 3.7333 5.1789 6.0348 6.8136

2006 3.911 5.5068 6.47

2007 4.3794 6.1746

2008 4.9429

Table 4 Closed account logarithm run-off triangle

Year of accident Development progress

0 1 2 3 4

2004 1.2930 1.5987 1.7342 1.8618 1.9411

2005 1.3173 1.6446 1.7975 1.9189

2006 1.3638 1.7060 1.8672

2007 1.4769 1.8204

2008 1.5980
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eA1 ¼ ðc1;x1ÞL ¼ 1:2963; 0:0066ð Þ
eA2 ¼ ðc2;x2ÞL ¼ 1:5231; 0:0020ð Þ
eA3 ¼ ðc3;x3ÞL ¼ 1:5912; 0:0448ð Þ
eA4 ¼ ðc4;x4ÞL ¼ 1:6492; 0:0574ð Þ
eA5 ¼ ðc5;x5ÞL ¼ 1:6428; 0ð Þ
eA6 ¼ ðc6;x6ÞL ¼ 0; 0ð Þ
eA7 ¼ ðc7;x7ÞL ¼ 0:0495; 0:0503ð Þ
eA8 ¼ ðc8;x8ÞL ¼ 0:0957; 0:0498ð Þ
eA9 ¼ ðc9;x9ÞL ¼ 0:1839; 0ð Þ
eA10 ¼ ðc10;x10ÞL ¼ 0:2984; 0ð Þ

Then, the regression model is

Y ¼ 1:2963; 0:0066ð ÞX1 þ � � � þ 0:2984; 0ð ÞX10

According to the algorithm of fuzzy numbers and the

number of claims in the current year, the total amount Zi;j
of compensation for each accident year in the current year

can be calculated as 2359.8721, 3084.1598, 308.3260,

3253.5355 and 2438.2922. The corresponding widths are

350.0000, 491.4048, 502.2465, 501.2420 and 482.1624.

5.1.2 Estimating Fuzzy Regression Parameters of Fuzzy

Regression Linear Model by Least Squares Method

R software is used to solve regression coefficients of sta-

tistical regression model, and the point estimation of

regression coefficients is

b ¼ 0:2535; 0:3248; 0:3721; 0:3776; 0:0383; 0:0951;ð
0:1800; 0:2706Þ

The corresponding widths are 0.045, 0.0505, 0.0587,

0.0774, 0.0814, 0.0785, 0.0774 and 0.0774. The fuzzy

regression coefficient is introduced into the fuzzy regres-

sion linear model, and then the weighting function of the

fuzzy number is used. In this way, we can obtain the

predicted value of the average amount of compensation for

each accident year in the current year, as shown in Table 5.

The sum of the claims for the case is multiplied to the

number of claims in the current year for each year of the

accident. And the total amount of compensation for the

current year of each accident year can be calculated. These

are 2291.3894 thousand yuan, 3079.4338 thousand yuan,

3314.1635 thousand yuan, 3225.6106 thousand yuan and

2448.0530 thousand yuan.

5.2 Result Analysis

According to the previous calculation, we can get three sets

of data. The first are estimated results of claim reserves

obtained under the traditional payments per claim model.

The second are estimated claim reserves for fuzzy linear

regression models based on linear programming. And the

third are estimated claim reserves based on fuzzy linear

regression model obtained by fuzzy least squares. The three

sets of data are compared, and the results are shown in

Table 6.

Table 6 shows that there is an error between the esti-

mated value of the claim reserve requested by the two

methods and the forecast value of the traditional case

compensation method reserve, but the two values are very

close. It verifies the feasibility of a random method. In

addition, the payments per claim model based on the linear

programming method to estimate the fuzzy linear regres-

sion coefficient gives the width corresponding to the total

amount of compensation in the current year for each

accident year. They are 350.0000, 491.4048, 502.2465,

501.2420, 482.1624. They measure the dynamic changes in

the outstanding claims reserve under the influence of var-

ious factors.

According to the reserve evaluation results in Table 6,

the absolute errors corresponding to the two random

methods are obtained. Specifically, as shown in Table 7.

According to Table 7, the absolute error of the payments

per claim model based on linear programming method is

smaller than that of the payments per claim model based on

fuzzy least square method. It can be seen that the effect of

using the linear programming method to solve the param-

eters and evaluate the outstanding claims reserve in this

example is slightly better than the effect of using the fuzzy

least square method.

6 Summary

Based on the data of the average indemnity, this paper

establishes an evaluation model of the payments per claim

reserve based on fuzzy linear regression. The fuzzy

regression coefficients of the model are estimated by linear

Table 5 Case average compensation number forecast value traffic

triangle

Year of accident Development progress

0 1 2 3 4

2004 4.78374

2005 6.1712

2006 6.6283

2007 6.9517

2008 6.9944
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programming method and fuzzy least square method

respectively. Then, the fuzzy regression coefficients

obtained by the two methods are introduced back into the

model and applied to the payments per claim model. Next,

the estimated reserve values for each accident year are

found. At last, the results of reserve estimation are com-

pared with that of traditional the payments per claim

model. The results show that the payments per claim model

of estimating the fuzzy linear regression coefficient based

on the linear programming method is better and more

feasible. The width corresponding to the total compensa-

tion amount of compensation in the current year for each

accident year achieves a measure of the dynamic changes

in uncertainty of outstanding claims reserves. It also helps

insurance companies use the payments per claim model to

extract more accurate reserves.
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